The suggestion of running gravitational coupling which tends to a non-Gaussian fixed point at high energies, keeps the theory safe from divergences at such a scale. We propose a way of improving the action using Kretschmann invariant as the cutoff identification parameter. The improved equations of motion and its spherically symmetric vacuum solution are obtained. Then the effects on the massive particles' trajectory and the black hole thermodynamics are studied.
I Introduction
Unfortunately among all fundamental interactions, gravity (described best by General Relativity) when quantized, blurts out offbeat behaviors such as divergences in the description of high energy phenomena. Although the unusual properties of gravity outcrop at energy scales for which other three interactions are unified by a well-known quantization formalism, its long range action cannot be ignored at macroscopic scales, i.e. below Planck mass m P l . Hence, any quantization method for gravity at high energies affects on the physics at scales for which we have a fine description for other interactions.
Although the undesirable divergences of quantization of Einstein theory may caused from the usual perturbative approach, it is noteworthy that there are debates that quantum mechanics and general relativity are compatible, because of their different viewpoints about some fundamental concepts like time (see references in [1] ).
Assuming that we can find compatible quantization of general relativity, various approaches in dealing with this challenge are suggested. All the suggested methods can be set in three categories, although there are overlaps between them.
First, those theories and models that have some deviation from the standard quantum mechanics and/or general relativity. String theory is the best example of this category. The non-perturbative method is the next approach. Loop quantum gravity [2] , as a member of this class, uses the canonical formalism, which is the cornerstone assumption in the usual quantum field theory, and the Hilbert space is considered as a representation of corresponding metric operators. Perturbative method is the name assigned to the third set where perturbations of the metric on some background space-time are encountered quantum field theoretically. But, up to now, this method cannot provide a renormalizable quantum gravity theory. Resummation [3] is categorized in this set.
Since, with all of these efforts, a covariant renormalizable approach which is faithful both to the particle and gravitational physics is not suggested yet, the quest to construct a proper quantum gravity theory maintains its position in the researches of theoretical physicists.
As Weinberg [3, 4] suggested it may be possible to consider gravity as an asymptotically safe theory at high energies. In other words, the dimensionful gravity coupling, G, may run on the trajectory to a non-Gaussian fixed point which is located on a finite dimensional surface on the Planck mass energy scale and stays safe from divergences. This assumption in addition to considering a finite number of essential couplings (those which cannot be eliminated by field redefinition), lead to a predictive renormalizable quantum gravity theory, which attracts many attentions [5] .
Various methods in probing the existence of non-Gaussian fixed points are invented (see references in [6] ). The truncated renormalization group (RG) is one of those which is suggested by Reuter in 1998 [7] . The exact renormalization group equation (ERGE) describes the scale dependence of average effective action, i.e. gravity flow. We can use some admissible fundamental action with running couplings as an initial condition for this functional differential equation. This leads to effective couplings which interpolate between macro and microphysics on the specified trajectory [8] . Such effective couplings can affect many solutions of general relativity, including cosmology [6, 9] and black holes [10, 11] .
Although introducing variable couplings can be found in other theories such as scalar-tensor theories (see references in [12] ), but here the dynamics of the gravitational constant is a result of quantum running which comes from ERGE, not as an input or as a dynamical field.
One of the best places to investigate the validity and results of quantum gravity is black holes, hence the effect of RG improvement of couplings on the behavior of black hole singularities of space-time is remarkable. This is partially investigated in the literature [13] , but here, we probe this effect on the Schwarzschild black hole using a different method we call "action improvement" defined in the next section, in which the ERGE and various improvement methods are introduced. Then we will find the vacuum solutions of the improved gravity in Section III and discuss its results and properties. Section IV is devoted to the comparison of the results of our method of action improvement, and the existing results in the literature.
II Quantum improved gravity
In order to see the effect of asymptotic safe gravity, the first step is finding a suitable gravity flow Γ k [g αβ ] which is the solution of the evolution equation ERGE [8] 
The Γ k [g αβ ], can be considered as an average effective action for the gravitational field (i.e. scale dependent classical effective action which in the QFT is defined by the integration of bare action with momenta larger than the IR cutoff k), and
is the IR cutoff term. This arbitrary smooth function is the result of adding IR cutoff term to the classical effective action to suppress the low momentum modes, where R (0) (ψ) satisfies the conditions
It is required that R k→0 vanishes in order to not disturb high momentum modes. Usually, an exponential form
is used in the literature [14] .
Because of the fact that considering all terms of this generating functional which interpolates Γ k→∞ = S (any admissible fundamental action) to Γ k→0 = Γ, changes the ERGE to an unsolvable one by the known mathematical methods, one should use a truncation which restricts RG flow to a finite dimensional subspace. The Einstein-Hilbert truncation
projects Γ k [g αβ ] on the subspace which is spanned by √ gR and √ g and seems to be a suitable finite-dimensional subspace for studying the effect of this method on GR. Since we probe the Schwarzschild solution, the approximation Λ k ≈ 0 is chosen in what follows.
On using this truncated Γ k [g αβ ] in the ERGE, one can find [15] the β-function, which defines the evolution of the couplings. The analytical solution of this β-function at perturbative regime
These two analytical solutions can be combined and written as
where k 0 is a reference scale, with the condition G N ≡ G(k 0 → 0) = G 0 in which G N is the experimentally observed value of Newton's constant, and ω = ) [15] .
Here it is needed to pay attention to some points about this result.
• As it is mentioned, usually the Einstein-Hilbert truncation is used. Although it is possible to use a truncated action with higher derivative terms, it can be shown that the running coupling constant and the fixed point are affected a little [16] . In fact one can see that inclusion of terms up to the eight powers of Ricci tensor only results in a few precent correction [17] . Therefore it seems that the Einstein-Hilbert truncation is a good idea.
• The above running coupling constant, when used in the pertubative regime, shows footprints of the UV fixed point because of the fact that it is obtained from the RG flow towards the fixed point [3, 15] .
• Consideration of matter terms in the average effective action (one-loop effects of matter) also contribute to the running couplings. See e.g. [18] . Such contributions are different from these pure gravity effects that are present in the absence of matter.
After obtaining the running coupling constant, one has to identify the cutoff scale. In the same way as applying Uehling correction to Coulomb potential in massless QED, the renormalization momentum k should be identified with a single dimensionful parameter of the problem, r [19] . Dimensional analysis suggest a general identification k(r) = ξ/D(r) where D(r) is a distance function and ξ is a dimensionless parameter. In contrary to QED, the distance scale does not have a unique definition in general relativity and is a debatable issue in the viewpoint of general covariance. Although for the asymptotic flat region, r ≫ r s (where r s = 2G N M s ) in the Schwarzschild black hole, the choice D(r) = r is well defined, but in curved regions various distance functions could be defined. It is usual to use for the whole space-time, the simple cutoff identification D(r) = r and ξ ≃ 1 which is quite reasonable for large r. This cutoff identification leads to r-dependent of gravity coupling
For more cutoff identifications see [14] , [15] and references in [11] .
The next step is to use this running coupling constant (obtained by solving the ERGE) in a semiclassical (mean field) way. The way we use variable fundamental constants is a questionable topic [20] , and thus the decision of where and how to exert the improvement of G N to G(r), is the final step in this method. Different ways of improvement can be categorized as follows.
• Solution improvement: In this proposal, G N is replaced with the obtained running coupling constant G(x) as an input function, in the non-improved solutions of Einstein's equations. Clearly this is the simplest way and most debatable way of improving the classical results.
• Equation of motion improvement: In this second way of improvement, the replacement of hole is through the Newtonian limiting case. The differences of these two methods become bold for non-vacuum solutions and the latter one seems to be more acceptable.
• Parameter improvement 1 : In the parameter improvement, one replaces G N with G(x) in the Einstein-Hilbert action, without adding any kinetic term for it. Then the gravitational equation of motion are obtained from this new action with externally prescribed field
is obtained in some specific frame of reference, we shall loss the general covariance.
In order to make this method physically more acceptable, one should add kinetic terms for G(x) in such a way that the resulting equation of motion for G(x) has exactly the solution obtained from the ERGE. This is the consistency condition. The bad news for this way of improvement is that this is a hard task to do.
• Action improvement: As it is clear, none of the above mentioned methods of improvement are physically plausible. In a physically acceptable improvement method, the quantum corrections have to lead to a general covariant semiclassical action. The improved solution should be the solution of the semiclassical Einstein's equations obtained from the improved action. To do so, here we suggest to improve G N to G(χ) in the action, where χ is one of curvature invariants like Kretschmann invariant. That is to say, the proposal is to use
This is a true physical cuttoff identification, because of the fact that the lenght scales in the general relativity are given by the curvature. To obtain G(χ), first we should find x(χ) from the non-improved solution and then G(χ) is defined. By this substitution the general covariance would be saved without any critique for ignorance of kinetic terms of the field G(x). It has to be noted that in this way we are dealing with a higher derivative semiclassical theory.
In what follows we implement the action improvement for black hole solution and investigate the result of such an improvement.
III Action improved Schwarzschild black hole
Schwarzschild black hole is the most known vacuum solution of Einstein's equations. As it is stated before, since it is a vacuum solution solution and equation of motion improvements would have identical results. The emergence of the gravitational constant, G N , comes from applying weak field limit. The solution improved metric components are thus g 00 = −g
There are features of this improved metric investigated in the literature. As mentioned in [11] , the improved temperature is lower than the non-improved one. It would have negative specific heat and the black hole evaporates through the Hawking emission. For this improved solution, one can obtain no, one or more horizons depending on the improvement parameter ω.
As we discussed in the previous section, action improvement can be considered as a better way of improvement, and thus it is natural to look for the action improved black holes and their physical properties. In the following first we find the improved action, and then obtain the corresponding equation of motion for spherical symmetry. Equation of motion is solved the effects on the vacuum static spherical symmetric solutions is studied.
A Improved action and equation of motion
We saw that to have a well-defined action improvement, and to save the general covariance, we should change the dependence of running coupling on the cutoff identification parameter (say, r) to one of the scalar invariants like χ ≡ R µν R µν . As a result action can be improved to
The least action principle results in the following modified equations of motion
with (7) where
and K = 2∂G/∂χ G(χ) 2 . In order to make the model complete, we have to obtain the form of G(χ). To do so, one strategy may be the investigation of the asymptotic behavior of χ and G. Let's first investigate the non-improved asymptotic behavior of χ. For this purpose, we use the static spherically symmetric space-time
For the asymptotic flat region, we have f (r) = 1 + u(r) and g(r) = 1 + v(r), with v(r) = −u(r). The components of Ricci tensor at this approximation are
Hence, at the asymptotic region v(r) < 1, the dependence of r on the scalar invariant χ is the solution of the relation χ = 2( v
Using the non-improved solution v(r) = r s /r,
Since there is no doubt about using the cutoff identification k → 1/r at the asymptotic flat region, using the relation (4) we finally get the following relation for spherically symmetric space-time
Although this is obtained for the asymptotic flat region, we extend it to all the space-time regions. This equation when extended to the whole space-time, is clearly covariant and so the action (5) and the equations of motion (6).
Equations (6) and (9) form a set of complete and closed equations for obtaining the improved solution.
It is interesting to note that one can rewrite the action with this relation for G, using the method of Lagrange multiplier as
where λ is the Lagrange multiplier and ζ is a constant.
B The solution
Solving equation (6) . This means that we can write
and solve the equations of motion perturbatively. Note that X µν doesn't have zeroth order term, and thus to solve the equations of motion up to the first order, we just have to consider zeroth order term of 1/J factor (i.e. G N ) in the right hand side of equation (6) . Substituting the above metric components in (6) and after some lengthy calculations, we get the following equations, up to the first order:
where Ω Ms = 6ωG N r 2 s = 6ω
and prime denotes differentiation with respect to r. The first two equations are coupled first order differential equations. They can be simply solved to get
where A and B are integration constants. It has to be noted that to save the correct signature of the metric, the constant A has to be restricted by the relation Ω Ms A > −1.
These solutions should be checked that if are compatible with the third equation of (12).
Putting the above solution in it, one sees that it is valid up to our approximation O(Ω Ms r 2 s r 2 ). It should be noted that because of the cutoff identification used to relate the momentum scale to the length scale, we are prevented from using this solution near UV fixed point where
Near the UV fixed point we have to go back to equations (6) and (7), and on using (11), one can see that we have the following equations:
solving these equations we get
where C 1 and C 2 are constants. The metric for this region is thus
An important property of the obtained solution is the location of the event horizon. The horizon(s) is(are) located at the zeros of f (r) (of equation (14)), given by
For the classical limit Ω Ms → 0, this tends to the classical value, r s .
It can be seen that for the special case B = 1 2 , besides the classical horizon r H = r s , we have another horizon. That additional improved horizon is located at r
But for B = 1 2 , the classical horizon would be omitted and depending on the value of Ω Ms , we may encounter with one or two horizons. It is also possible to have naked singularity.
The sign of S(Ω Ms ) ≡ Ω • For S(Ω Ms ) < 0, there is no real value for r (IM ) H (M s ), and thus a naked singularity appears.
• For S(Ω Ms ) = 0, one has one improved horizon at r
where Ω Ms is the positive root of S(Ω Ms > 0) = 0.
• For S(Ω Ms ) > 0, we can have one or two horizons (r In Figure (1) , the lapse function, f (r) for a black hole of mass ten times the sun mass for different values of the normalized constants Ψ = AΩ Ms and Φ = BΩ Ms is plotted. It should be noted that since we are dealing with the perturbative regime with k(r) = ξ/r as a cutoff identification, this improved metric has not to be used for r ≪ r s (u ≪ 1). From these plots, it is clear that the quantum improvement can change the location and number of horizons.
The near singularity (UV regime) behavior of the metric components is shown in Figure ( 2).
It is interesting to note that the solution near the singularity is independent of the parameter Ω.
The Figure ( 3) shows the behavior of the lapse function as a function of both u = r/r s and Ω Ms for selected values of constants A and B. It can be seen that for special cases of (A, B), it cuts the zero surface (f (u, Ω Ms ) = 0) at two points leading to two horizons. For some values of (A, B), one horizon exists and finally there are cases leading to a naked singularity.
C Massive particles' trajectory
In order to see the effects of improvement of the black hole solution, we first investigate one of the classical test of gravity, i.e. the preihelion precession. It is easy to show that using the improved Schwarzschild metric (13) and (14) in the geodesic equation, the timelike worldline of a massive particle becomeṡ 
where Poly B (z) is the fourth order polynomial of z and here prime denotes derivative respect to φ. Neglecting the O(3) and higher orders of z, this changes to
where
The solution is simply:
This is an ellipse with preihelion precession, where r 0 is the mean radius and e is the eccentricity of the ellipse. Inserting this solution in equations (22) and (24) we get
In terms of physical parameters, one obtains that the preihelion advances each turn by
The correction term is so small that has no observable result. This is what one expects, because the quantum correction of gravity are not expected to have any important effect on planetary motions.
D Improved black hole thermodynamics
As a second application of the improved solution, we investigate the thermodynamics of im- diag(ρ, P, P, P ), with ρ and P as fluid density and pressure respectively), we would have
up to first order. Considering this equation at the horizon, r H , along with an infinitesimally displacement of the horizon, dr H , one gets
Comparing this with the first law of thermodynamics, T dS = P dV + dE, the temperature of the outer horizon of the improved black hole becomes
For the improved solutions (13) and (14) up to the first order, we would have
For ω → 0 this tends to its non-improved value.
It has to be noted that the non-improved black hole thermodynamics is usually obtained by writing the classical Einstein's equations as the second law of thermodynamics. It is a well-known fact that doing so is equivalent to the investigation of semi-classical gravity. Here we are using the improved Einstein's equations which contain the quantum effects of gravity (and not matter) side, to obtain the black hole thermodynamics. It therefore contains both the semi-classical and RG improvement effects. The full thermodynamics should be obtained from the (not yet known) full quantum gravity theory which has the quantum effects of both the matter and gravity in a complete and satisfactory way. 
are the dimensionless improved horizon and temperature, respectively. We also used the re-
. The dependence of Θ on µ is drawn in Figure   ( 
4).
Using the improved definition dE = dr H 2G(r H ) (see equation (30)), the heat capacity
is the dimensionless heat capacity with 
IV Discussion and concluding remarks
Although applying the RG improvement method leads to some quantum correction to general relativity, but the method depends on the way one improves the classical results. Therefore comparing the results of different methods of quantum improvement would be considerable.
Here we suggested to use some curvature invariant like Kretschmann invariant (χ ≡ R µν R µν ), in obtained from the equation of motion improvement (equivalent to solution improvement for vacuum solutions) [15] . Both solutions could have two horizons for some specific parameter, and emergence of naked singularity is unavoidable in both of them for special cases. But the difference can be seen in Figure (6 ). It shows a simple comparison between the lapse functions of these two improvement methods for different values of Ω Ms . It is clear that for larger masses the difference between two methods is larger.
As a check of not destroying the known results of general relativity, after determining the lapse function, we studied the massive particles' trajectory and preihelion precession. It is shown that the corrections are too small to make any observable change to the general relativity's predictions.
The thermodynamics of improved space-time is also studied. Although the dependence of temperature on the Schwarzchild mass differs from what general relativity predicts, except for having a local maximum for some specific values of A and B, its descending behavior does not change (see Figure (4) ). This is in contrast to the result of equation of motion improvement, in which the temperature reaches a global maximum after a sharp increase, and then starts to decrease along with general relativity's predictions [15] .
The heat capacity of black hole, C(M s ), is also a prominent thermodynamical feature. It can be seen in Figure (5 ) that although for some choices of A and B we can have positive heat capacity, but the decreasing behavior of C(M s ) remains valid. This is not compatible with the results of equation of motion (or solution) improvement method [15] .
In summary, the results of the suggested action improvement method differs in details from other methods. And it gives a more physical approach, because the improvement is not introduced as inputing the running coupling in the solutions or in the equations of motion. It is introduced in a dynamical way such that the general covariance is survived.
